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Abstract. In this paper we develop a general method to solve elastic three-dimensional problems for one-
dimensional hexagonal quasicrystals with point groups 6mm, 62,2, 6m2;, and 6/mmm, including crack
and indentation problems. Exact solutions are obtained by using Fourier series and Hankel transform
methods. These results automatically reduce to those in the classical elasticity theory when the phason

field is absent.

PACS. 61.44. Br Quasicrystals

1 Introduction

Quasicrystals (QCs)(solids with a long-range orientational
order and a long-range quasiperiodic translational or-
der [1]) have become the focus of theoretical and experi-
mental studies in the physics of condensed matter since
the first discovery of the icosahedral QC in Al-Mn al-
loys [2]. Based on Landau theory, QC elasticity theory
was formulated [3—6]. Recently, a generalized Hooke’s law
of one-dimensional (1D) QCs has been derived by Wang
et al. [7]. It provides us with a fundamental theory based
on the notion of a continuum model to describe the elas-
tic behavior of 1D QCs. As in conventional crystals, many
structural defects such as dislocations and cracks have al-
ready been observed experimentally in QCs [8,9]. Accord-
ing to these theories and experiments, some elastic prob-
lems, mainly dislocations and cracks, have been widely
considered [10-15]. Due to the introduction of the phason
field, the elastic equations for QCs are much more com-
plicated than those in classical elasticity theory (CET).
So most authors consider only elastic plane or antiplane
problems for QCs [10-14].

In an earlier paper [15], we proposed a perturbation
method to solve elastic three-dimensional (3D) problems
for icosahedral QCs, regarding the phason field as a per-
turbation to the phonon field. And it works very well. In
this paper, we develop a general method to solve elastic 3D
problems for 1D hexagonal QCs with point groups 6mm,
621,21, 6m2;, and 6/mmm, including crack and indentation
problems.

? e-mail: sdwx1@263.net

We first develop briefly the general method of solution
by use of Fourier series and Hankel transforms and then
use this for solutions satisfying the boundary conditions
of our problems. First, we solve the problem of a circular
crack in an infinite medium under arbitrary normal load.
Secondly, we solve the problems where a 1D hexagonal
QC of point group 6mm is indented by a rigid punch.
The results obtained in this paper automatically reduce
to those in CET when the phason field is absent.

2 The basic equations and general solutions

According to 1D QC elasticity theory [7], strain- and
stress-displacement relations for 1D hexagonal QCs
with point groups 6mm, 62;,2,, 6m2;, and 6/mmm,
respectively, are

€ij = (8jui + 8iuj) /2,
Oxx = Cllazuz + (Cll - QCGG)ayUy + CIBazuz + Rlazwz

wij = 8jwi

Oyy = (011 — 2066>8mua: —+ cnayuy + c130,u, + R10,w,
0,y = C130,Ugp + 0138yuy ~+ ¢330,u, + Ro0,w,

Oyz = Ozy = Caa(Oyu, + 0 uy) + R30yw,

= 042 = Caa (0 + 0.uy) + R30,w;

Oy o6 (OpUy + Oyug)

H.. = R1(0zug + Oyuy) + R20,u, + K10 w,

H,, = R3(axuz + azux) + Kanwz

H., = R3(0yu, + 0,uy) + K20,w,. (1)

Ozx

Oy
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The equilibrium equations in terms of displacements, in
the absence of body forces, are

(Cnai + 06685 + 04485) Uy + (611 — CGG) &anuy
+ (013 + 044) azazuz + (Rl + RB) azazwz =0

(011 — 066) (99587!11@ + (66683 + 61185 + 64485) Uy
-+ (013 -+ 044) 8yazuz -+ (Rl -+ R?,) ayazwz =0

(013+C44) (axazux+8yazuy)+ (C448§ + C44a§ + C338§) Uy
+ [Rg ((932: + 8;) + Rg@f} w, =0

(R1+Rs3) (020:uz + 0y0:uy)+ [Rs (07 + 02) + Ra02] u.
+ [K2 (074 02) + K102 w. =0 (2)

where the z-axis is assumed to be the quasiperiodic axis,
and the xy-plane the periodic plane of the QC, u;, w;
are phonon and phason displacements in the physical and
perpendicular spaces, respectively, o;; and ¢;; are phonon
stresses and strains, H;; and w;; are the phason stresses
and strains, c11, 13, €33, C44, Cog, K1, Ko the elastic con-
stants corresponding to the phonon and phason fields, and
R, Ry, R3 the elastic constants of phonon-phason cou-
pling. We should keep in mind that the subscripts i, j for
H;j, w;; can not be exchanged according to their mean-
ings [6]. It is very important for us to write the boundary
conditions correctly.

We find that equation (2), in cylindrical polar coordi-
nates, can be satisfied by (one can directly verify it)

Up = Op (F1 + Fo + F3) — 1/r0pFy,
ug = 1/r0 (FL + Fo + F3) + 0, Fy
uy = 0, (m1Fy + maFy + mgFs),
wy = 0, (WF + loFs + 13F3)

where the possible functions F; are the solutions of

i=1,23 4
(4)

(02 + 1/r0, + 1/7%0F +~202) F; = 0,

where the values of m; , [; and ~; are related by the fol-

lowing expressions:

caa + (13 + caa) m; + (R1 + R3) l;

C11

c33m; + Rol;
€13 + Ca4 + caam; + R3l;

B Rom; + Kil; 9
- R1 4+ Rs + Rsm; + Ksl; '

2
caa/Co6 = V-

Note that we use 77 in place of 7; for convenience as in [16],
and the expressions (3-5) can reduce to those obtained by
Fabricant [16] and Elliott [17] for aeolotropic hexagonal
crystals when the phason field is absent. Now expanding
F; into Fourier series, we have

F, = al(.o) (ryz) + Z {al(.") (r,z) cos nf + bgn) (r,z)sin ne} .

n=i
(6)
The substitution of (6) into (4) yields

(92 + 1/r0, —n?/1* +7782) o™ = 0,

(92 + 1/r0, —n?/r* +-7202) b =0,

After the Hankel transformation to equation (7), their so-
lutions can be expressed as

o2 = [ e [AV O exp(-g2/

JrCz'(n) &) eXp(fz/'Yi)} Jn(§r)d§ n=0,1,2,..
i) = [ [B© exm(-g2/)
0
+D" (€ exp(gz/7)| JulEr)de.  n=1,2.3,..

(8)

where AE”) €), Bi(") €), Ci(") (€) and DE”) (&) are arbitrary
functions of €.



Y.Z. Peng and T.Y. Fan: Crack and indentation problems for one-dimensional hexagonal quasicrystals 41

Thus the stress components are given by

Orr = [c1102 + (c11 — 2¢g6) (1/70r + 1/7%05)]
x (Fy + Fy + F3) + c1302 (my Fy + maFy + m3F3)
— 2¢e6 (1/7"&89 — 1/r289) Fy
+ R0? (IWFy + 1oFy + 13F3)

060 = [(011 — 2ce6) 33 +cn (UT&T + 1/7"233)]
X (F1 + Fp + F3) + c1302 (myFy + ma By + m3 Fy)
+ 266 (1/r0,09 — 1/1°0p) F
+ R102 (4 Fy + 1o Fs + 3F3)

0. = —c1307 (ViF1 + 3 F + 13 F3)
+ 03383 (m1F1 + m2F2 + m3F3)
+ Ro0? (W Fy + 1oFy + 13F3)

org = 0oy = 266 (1/70,0p — 1/7°0p) (F1 + F2 + F3)
+ cg6 (83 —1/ro, — 1/7“2892) Fy

09z = 020 = Caa1/7090; [(Mm1 + 1) F1 + (ma + 1) Fy
+ (m3 + 1) Fg] + €440,0,Fy
+ R31/Tagaz (11F1 + I Fy + 13F3)

Osr = Opy = €440,0; [(ml + 1) F + (m2 + 1) Fy
+ (m3 + 1) Fg] — C441/7“8962F4
+ R30,0, (11F1 + o Fy + 13F3)

H..=—Ri0? (ViFL + v F2 + 3 F)
+ Rg@? (m1F1 + moFy + m3F3)
+ K102 (11 Fy 4 1oFy + I3F3)

— R31/T898ZF4 + K50,0, (llFl + I Fy + lgFg)

H,p = Rgl/Taeaz [(m1 —+ 1) Fi + (m2 + 1) Fy
+ (m3 + 1) Fg] + R30,0,Fy
+ K51/1090, (11 Fy + o F> + I3F3) (9)

where F; are expressed by (6) and (8).

3 The effect of a crack
in an 1D hexagonal QC

As an application of the above theory, we consider an in-
finite 1D hexagonal QC of point group 6mm weakened by
a flat circular crack with radius a in the plane z = 0, with
arbitrary loads applied normal to the crack faces. It is ob-
vious that we consider only the half-space z > 0. Then our
boundary conditions in the plane z = 0 may be written as

0. =p(r0), H.=q(r0) 0<r<a
u, =0, w, =0, r>a
0. =0, 0.9 =0, r>0 (10)

and the boundary condition at infinity is

oi; — 0, H;; — 0, 72 + 22 — oo. (11)
As a result of (11), in equation (8) we have Ci(") &) =
DE”) (&) = 0. First we assume the load distribution is an
even function of 6. Hence, the loading function p(r, #) and

q(r,0) will be expanded in Fourier cosine series as follows

p(T, 9) = i fn(r) cos nf, (J(T, 9) = i gn(r) cos nf
n=0 n=0

(12)

in which the Fourier coefficients are determined from

1 [7 2 ["
fo) =3 [ 00000, ) = 2 [ p(r,0) cos mos
T Jo T Jo
1 [7 2 [T
)=+ [ 4.0, 9.0 = 2 [ a(r,6) cos mos
™ Jo ™ Jo
n=1,23,.. (13)
Therefore, it follows from (6) and (8) that
[ g
F, = Z [/ €A™ exp (—€2 /i) Jn(&“)df} cos nb,
n=0 0
i=1,2,34. (14)
From 0,9 = 0 for r > 0 we have Afln)(f) =0, n =
0,1,2,3... And from o, = 0 for r > 0 we get
n Rsli +cq4 (1 +m n
Aé):_|:31 14 ( 1)Ag)
ga!
1
+R312 + caq (14 m2)A§n)
72
5 n=0,1,2,.. (15)

x
Rsls + c44 (1 + ms3)

It follows from the rest of the boundary conditions (10)
that

2 €34 (€) g, (6r)dE =

(cafn(r) = cagn(r)) / (cacs —cica) 0<7r<a
2 2AT (€) T (€r)de = 0 r>a
(16)
S e A g, (er)de =
(c1fu(r) —c3gn(r)) / (cr1ea — c2c3) 0<r<a
2 2A5Y (€) T (€r)de = 0 r>a
(17)
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with

_ Roym; + Kil; — Riv;}
- 7

[Rsli + caa(1 +m;)] [Rams + Kilz — R173]
- Vi3 [R3lz + caa(1 + m3)]

,i=1,2

c33mj + Rol; — ClB'}’g2
v
[Rﬂj + 044(]. + m])] [033m3 + Rals — 61373}
N v;7v3 [Rals 4 caa(1 + m3)]

Cj+2 =

L j=1,2.

According to the theory of dual integral equations [18,19],
we get from equations (16) and (17) that

2 5—3/2
Al _ \/j
L (£> T CoC3 — C1C4

X /0 Tns1/2(Emn~ /2 dn

"t (eo fn (1) — cagn(r))
X /0 (7 — r2)1/2 dr
f 3/2

2 —
A ey \ﬁ
2 (6) T C1Cq4 — C2C3

x / Tns1/2(Emn~ "2 dy
0

"t (e fu(r) = cagn(r))
X /0 o Tz)l/;’ dr.

Thus the solutions F; (14) satisfying the boundary condi-
tions (10) and (11) are found. Substituting the expressions
of F; into equations (3) and (9) we obtain the elastic fields
of the whole QC. Because they are elementary, but very
tedious, we omit them.

When the load distribution is an odd function of 6,
the same procedure can be applied by changing the cosine
functions into the sine functions in equations (12). The
resulting F; formulae are the same as (14) except that
cos nf is replaced by sin nf. The superposition of the two
results for F; accounts for symmetrical loadings that are
both even and odd in 6.

4 General solutions for indentation problems

If the problem of interest is independent of the variable 6,
equations (4) read

(02 +1/r0, +~702) F; = 0, i=1,2,34. (18)
By means of Hankel transform, it is easy to find that the
solutions of equation (18) can be expressed as

Fi(r,z) = /O T eGiE ) doler)de,  i=1,2,3,4 (19)

where

Gi(§,2) = Ai(€) exp(=€2/7i) + Bi(§) exp(€z/7i)

where A;(§) and B;(§) are arbitrary functions of &.
Using the formulae (3) and (9), we have the following
expressions for the displacements and stresses

f/ €2 (G1 4 Go + G3) Jy(€r)de
0
- / 26Ty (er)de
0
U, = /00 & (llazG1 +120,Go + lgaZGg) Jo(f?")df
0

w, = / § (mlazGl + mgang =+ mgang) Jo(f’l“)dg
0

3 00
Orp = Z (—c117] + c1smi + Rul;) / €02G;Jo(Er)de
i=1 0

3 S
20y [ EGu(en)/rig
i=1"0

3

Tgo = Z (—c117] + c1smi + Rul;) / £02G;Jo(Er)de
0

i=1

3 00
20y [ €6 [hler) - h(en)(en) dg
i=170

3

Orr = Z (—c1377 + cssmi + Raly) /0 €02G;Jo(Er)de

i=1

0 = Ty = cos / 2G4 [—EJo(Er) + 21 (€r) /7] de
0

0.0 = 0g, = —044/ €20,G 4 Jy (6r)de (20)
0

3

Ozr =0rz= _Z [044(1 + m’i) + R3li]/m§28zGiJ1 (gT)dE
0

e

i=1

3
= YRt m) + Kal] [ €0.Gunleric
i=1

Riy? + Ram; + Kil;) / €0%GyJo(Er)de

H.o— Ry / £20,Gay (Er)de.
0

From here we see that the stress components o9, 0.9 and
displacement component wug are in general non-zero (ex-
cept in a special case G4 = 0) even though the problem of
interest is independent of 6, which is quite different from
the counterpart in CET. But, when the phason field is ab-
sent, the formulae (20) automatically reduce to those in
CET [17].

As an example of application of the above theory, we
now formulate our boundary values at the free surface
z = 0, which is to be punched. The shape of the punch
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must be axial symmetric, and we assume that it is known
as a function of r. Then over a circle of radius a the punch
will be in contact with the material, and outside that area
the surface will be free. We also assume perfect lubrica-
tion between the punch and the material so that no shear
stresses are set up. It is obvious that we consider only the
half-space z > 0.

Then our boundary conditions in the plane z = 0 are

uy = w(r), w, =0, 0<r<a
0., =0, H..=0 r>a
0 =0, 0.0 =0, r>0 (21)
and the boundary condition at infinity is
oi; — 0, H;; — 0, 2422 > 0 (22)

where w(r) is determined by the shape of the punch. Tt
follows from (22) that B;(§) = 0 for ¢ = 1, 2, 3, 4. And
from 0,9 =0 for r > 0 we have G4 = 0. 0,,, =0 forr >0
means that

B R3ly + caa(1 +mq)

n Rsla + caq(1 4+ mo)

A3 = Al A2
it Y2
% 73
Rslz + caa(1 4+ m3)
= a1A1 + agAQ. (23)

According to the rest of the boundary conditions (21), we
get

Jo T €2 AL () Jo(6r)dE = —caw(r)/(crea — cacs)

0<r<a
fooo ngl(f)JO(fr)df =0 r>a
(24)
Jo? €2 A2(8) Jo(Er)d€ = esw(r)/(crea — cacs)
0<r<a
fooo £3A2(§)J0(§T)df =0 r>a
(25)
with
Ci:ﬁJrl—Bai, Ci+2:ﬁ+%ai, 1=1,2

Vi 73 Vi 3

According to the theory of dual integral equations [18,19],
the solutions of equations (24) and (25) read

C4 _9

A1(§) =

- | == COS(Z{
C1C4 — C2C3 | TTQ

1
X/o y(1-9?) P w(y)dy
1

; y(1—-y?) 2y

1
X/o w(yu)usin afudu}

2
+—=¢!
Ta

Az(§) = =

C1C4 — C2C3

1
></0 y(1—9%) " w(y)dy
! oy —1/2
; y(1—9%) Tdy

2
{EEQ cos a&

2
+—¢t

Ta

X /01 w(yu)usin afudu} . (27)

We will now apply this analysis to a special case, that
is indentation by a circular cylindrical punch. In this
problem we have

[w(r)].—o =,

and (26, 27) then give

2
A4e) = i (creq i4;03) a? 6_3 sin ag
2 .
Az(8) = 7 (cieq igizczs) a® ¢”"sin of. (28)

From (19) and (20), we can calculate the elastic field of
the whole problem. But we will not give it because of the
limitations of space.

5 Conclusions

A general method for solving elastic 3D problems of 1D
hexagonal QCs with point groups 6mm, 62,2}, 6m2;, and
6/mmm is developed. We have found the exact solutions
for a material containing a circular crack under arbitrary
normal load. Solutions are also found for problems of in-
dentation of an 1D hexagonal QC by a rigid punch. And
these results reduce automatically to the counterpart in
CET when the phason field is absent.

This work is supported by the National Natural Science Foun-
dation of China.
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